This paper is concerned with an operator equation Ax + Bx + C x = x on ordered Banach spaces, where A is an increasing α-concave operator, B is an increasing sub-homogeneous operator and C is a homogeneous operator. The existence and uniqueness of its positive solutions is obtained by using the properties of cones and a fixed point theorem for increasing general β-concave operators. As applications, we utilize the fixed point theorems obtained in this paper to study the existence and uniqueness of positive solutions for two classes nonlinear problems which include fourth-order two-point boundary value problems for elastic beam equations and elliptic value problems for Lane-Emden-Fowler equations.
Introduction and preliminaries
Because of the crucial role played by nonlinear equations in the applied science as well as in mathematics, nonlinear functional analysis has been an active area of research, and nonlinear operators which arise in the connection with nonlinear differential and integral equations have been extensively studied over the past several decades (see, for instance, [2, 3, 5, 23, [35] [36] [37] 40] ). The existence and uniqueness of positive solutions to nonlinear operator equations is very important in theory and applications. Many authors have studied this problem, for a small sample of such work, we refer the reader to works [4, 6, 9, 21, 22, 27, 30, 38, 42] . This paper considers the existence and uniqueness of positive solutions to the following operator equation on ordered Banach spaces Ax + Bx + C x = x, (1.1) where A is an increasing α-concave operator, B is an increasing sub-homogeneous operator and C is a homogeneous operator. To our knowledge, the fixed point results on the operator equation (1.1) with α-concave, sub-homogeneous and homogeneous operators are still very few. So it is worthwhile to investigate the operator equation (1.1) . In this paper, using the properties of cones and a fixed point theorem for increasing general β-concave operators, we obtain some existence and uniqueness results of positive solutions for the operator equation (1.1) . To demonstrate the applicability of our abstract results, we give, in the last two sections of the paper, some simple applications to nonlinear elastic beam equations and Lane-Emden-Fowler equations.
In the following two subsections, we state some definitions, notations and known results. For convenience of readers, we suggest that one refer to [4, 12, 19, 39] for details.
Some basic definitions and notations
Suppose that E is a real Banach space which is partially ordered by a cone P ⊂ E, i.e., x y if and only if y − x ∈ P . If x y and x = y, then we denote x < y or y > x. By θ we denote the zero element of E. Recall that a non-empty closed convex set P ⊂ E is a cone if it satisfies (i) x ∈ P , λ 0 ⇒ λx ∈ P ; (ii) x ∈ P , −x ∈ P ⇒ x = θ . PuttingP = {x ∈ P | x is an interior point of P }, a cone P is said to be solid ifP is non-empty. Moreover, P is called normal if there exists a constant N > 0 such that, for all x, y ∈ E, θ x y implies x N y ; in this case N is called the normality constant of P . If x 1 , x 2 ∈ E, the set [x 1 , x 2 ] = {x ∈ E | x 1 x x 2 } is called the order interval between x 1 and x 2 . We say that an operator A : E → E is increasing (decreasing) if x y implies Ax Ay (Ax Ay).
For all x, y ∈ E, the notation x ∼ y means that there exist λ > 0 and μ > 0 such that λx y μx. Clearly, ∼ is an equivalence relation. Given h > θ (i.e., h θ and h = θ ), we denote by P h the set P h = {x ∈ E | x ∼ h}. It is easy to see that P h ⊂ P .
Some definitions of operators and properties
Definition 1.2.1. Let D = P or D =P and α be a real number with 0 α < 1. An operator A : P → P is said to be α-concave
Notice that the definition of an α-concave operator mentioned above is different from that in [19] , because we need not require the cone to be solid in general.
Definition 1.2.2. An operator A : E → E is said to be homogeneous if it satisfies
An operator A : P → P is said to be sub-homogeneous if it satisfies [19] .) Let P be a normal cone in E. The following conclusion holds:
for every sequence x n , y n , z n ∈ E satisfying x n z n y n (n = 1, 2, . . .) and
Fixed point theorems
In this section we consider the existence and uniqueness of positive solutions for the operator equation (1.1). We always assume that E is a real Banach space with a partial order introduced by a normal cone P of E. Take h ∈ E, h > θ, P h is given as in Section 1.1. For any x ∈ P h , we can choose a sufficiently small number t 0 ∈ (0, 1) such that
Note that T : P → P is increasing and from (2.1), we have
Evidently,
In the following, we show that there exists β 0 (t) ∈ (α, 1) with respect to t such that
Consider the following function:
It is easy to prove that f is increasing in (0, 1) and
So there exists β 0 (t) ∈ (α, 1) with respect to t such that
Hence we have
Then we obtain
Consequently, for any t ∈ (0, 1) and
Let x 0 = θ . An application of Theorem 1.2.3 implies that the equation T x = x has a unique solution x * in P h . That is, the operator equation (1.1) has a unique solution x * in P h . Now we construct successively the sequence y n = Ay n−1 + B y n−1 + C y n−1 , n = 1, 2 . . . for any initial point y 0 ∈ P h . Since y 0 ∈ P h and T y 0 ∈ P h , we can choose a sufficiently small number t 0 ∈ (0, 1) such that
Note that 0 < β 0 (t 0 ) < 1, we can also take a positive integer k such that
By the monotonicity of T , we have T u 0 T v 0 . Further, combining condition (2.2) with (2.3), we have
Thus we have
An application of (2.5) implies
. . , then u n y n v n . Using the same proof of Theorem 1.3 in [39] , we can easily obtain that there exists y * ∈ P h such that
Thus from Lemma 1.2.4, y n → y * (n → ∞). By the uniqueness of fixed points of the sum operator T in P h , we get
From the proof of Theorem 2.1, we can easily prove the following conclusion. (Ay n−1 + B y n−1 ), n = 1, 2, . . . for any initial value y 0 ∈ P h , we have y n → x * λ as n → ∞.
Applications to nonlinear elastic beam equations
We now illustrate how the results of Section 2 can be used in the study of certain boundary value problems. We study the existence and uniqueness of positive solutions for the following fourth-order two-point boundary value problem for elastic beam equations
where f ∈ C ([0, 1] × R) and g ∈ C (R) are real functions. The problem (3.1) models an elastic beam of length 1 subject to a nonlinear foundation given by the function f . The first boundary condition u(0) = u (0) = 0 means that the left end of the beam is fixed. The boundary condition u (1) = 0, u (1) = g(u(1) ) means that the right end of the beam is attached to a bearing device, given by the function g. Fourth-order two-point boundary value problems are useful for mechanics of materials because the problems usually characterize the deformations of an elastic beam. The existence and multiplicity of positive solutions for the elastic beam equations have been studied extensively, see for example [3, 7, 18, 28, 29, 35, 37, 40] and references therein. But in the existing literature, there are few papers concerned with the uniqueness of positive solutions. In this section, we apply Theorem 2.2 to study the fourth-order two-point boundary value problem for elastic beam equations 
It is clear that P is a normal cone of which the normality constant is 1, P h is given as in Section 1. 
we have u n − u * → 0 as n → ∞.
Proof. To begin with, it is easy to see that the problem (3.1) has an integral formulation given by
where G(t, s) is given as in (3.2). 
G(t, s) f s, u(s) ds = λ α Au(t).
That is, A(λu) λ α Au for λ ∈ (0, 1), u ∈ P . So the operator A is α-concave. Also, for any λ ∈ (0, 1) and u ∈ P , from (H 3 )
we know that
that is, B(λu) λBu for λ ∈ (0, 1), u ∈ P . So the operator B is sub-homogeneous. Next we show that Ah ∈ P h and Bh ∈ P h .
In fact, from (3.3)
and Ah(t)
and thus Ah ∈ P h . Since g(1) < 0 and
we have Bh ∈ P h . Hence the condition (i) of Theorem 2.2 is satisfied. In the following we show the condition (ii) of Theorem 2.2 is also satisfied. For u ∈ P , from (3.3) and (H 4 ),
Then we get Au δ 0 Bu, u ∈ P . So the conclusion of Theorem 3.1 follows from Theorem 2.2. 2 Here we take ζ = a + b, then , a = 1, b = 3 and ϕ(t)
Here we take α = We can obtain that 35 216 t 2 u(t) 11
t
So the unique solution u is a positive solution and satisfies u ∈ P h = P t 2 .
Applications to nonlinear Lane-Emden-Fowler equations
Let Ω be a bounded domain with smooth boundary in R N (N 1). Consider the following singular Dirichlet problem for the Lane-Emden-Fowler equation:
where the nonlinear terms f (x, u), g(x, u) are allowed to be singular on ∂Ω.
The problem (4.1) arises in the study of non-Newtonian fluids, boundary layer phenomena for viscous fluids, chemical heterogeneous catalysts, as well as in the theory of heat conduction in electrically materials (see [11, 14, 15, 17] ). The theory of singular elliptic boundary value problems for partial differential equations has become an important area of investigation in the past three decades, see [10, 11, [13] [14] [15] [16] [17] 20, 24, 26, 32, 33, 41] and references therein. By means of sub-supersolutions and various techniques related to the maximum principle for elliptic equations, some existence and nonexistence results, a unique positive solution are established. However, to our knowledge, the results on the existence and uniqueness of positive solutions for the general singular elliptic equation are still very few. The purpose here is to establish the existence and uniqueness of positive solutions to the singular Dirichlet problem for the Lane-Emden-Fowler equation (4.1). Different from the above works mentioned, we will use Corollary 2.4 to show the existence and uniqueness of positive solutions for the problem (4.1).
Throughout this section, denote by W k,l (Ω) the Sobolev space (see [1] ), where l > 1 and k is a nonnegative integer. And denote by ϕ 1 and λ 1 the first eigenfunction and the first eigenvalue of the following eigenvalue problem − ϕ = λϕ in Ω, and ϕ| ∂Ω = 0. For convenience, we assume that ϕ 1 (x) 0 inΩ . Moreover, it is well known that (see for instance [34] ) there exist two positive constants C 2 , C 3 such that the first eigenvalue function satisfies The above result is originally due to G. Stampacchia (see [8] ), which plays an important role in the proof of the following main result.
By the classical theory of linear elliptic equations (see [25] ), the problem (4.5) admits a unique
. Now we define an operator A :
where w u is the unique strong solution of (4.5) for u ∈ P ϕ 1 . Next we prove that A : P ϕ 1 → P ϕ 1 . Suppose that φ is the solution of (4.5) with u = ϕ 1 , then We now show a useful conclusion: if w ∈ W 2,l (Ω) and w(x) = 0 for x ∈ ∂Ω, then there exists a constant M 1 > 0 such that 
Since w( y) = 0 for y ∈ ∂Ω, we deduce that
Further, from (4.2) we obtain
Recall that the Lipschitz constant C 1 , the constants C 2 and C 3 in (4.2) depend only upon N and Ω. Therefore, (4.10) holds. Then from (4.10), there exists a constant C φ > 0 such that It follows from (4.9), (4.11) and (4.13) that
Therefore, Au = w u ∈ P ϕ 1 for any u ∈ P ϕ 1 . So we obtain that A : P ϕ 1 → P ϕ 1 is well defined. In the following we prove that A : P ϕ 1 → P ϕ 1 is increasing. Suppose that u 1 , u 2 ∈ P ϕ 1 with u 1 (x) u 2 (x) for any x ∈ Ω, then we have (4.16) where λ, μ are positive real numbers. Under reasonable conditions, we can establish the existence and uniqueness of positive solutions for (4.15) and (4.16) by using Theorem 4.1. Moreover, the method used here is new to the literature and so is the existence-uniqueness result to the singular Dirichlet problem for the Lane-Emden-Fowler equation. This is also the main motivation for the study of (4.1) in the present work.
